A Mollification Method for a Noncharacteristic Cauchy Problem for a Parabolic Equation  by Hào, Dinh Nho
 .JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 199, 873]909 1996
ARTICLE NO. 0181
A Mollification Method for a Noncharacteristic Cauchy
Problem for a Parabolic Equation
Dinh Nho Hao*Á
Hanoi Institute of Mathematics, P. O. Box 631 Bo Ho, 10 000 Hanoi, Vietnam and
Uni¨ ersitat - GH - Siegen, FB Mathematik, Holderlinstrasse 3, 57068 Siegen, GermanyÈ È
Submitted by Hans-Gorg RoosÈ
Received February 16, 1995
 .In this paper the noncharacteristic Cauchy problem NCP
u y a x u y b x u y c x u s 0, x g 0, l , t g R, .  .  .  .t x x x
u 0, t s w t , t g R, .  .
u 0, t s 0, t g R, .x
 . w xis considered. With w g L R , p g 1, ` , it is proved that a solution of NCP existsp
5 n. 5  . 2 nif and only if w is infinitely differentiable and w F c 2n !s , ;n g N,L R .p
for certain constants c and s. NCP is well known to be severely ill-posed: a small
perturbation in the Cauchy data may cause a dramatically large error in the
solution. The following mollification method is suggested for solving NCP in a
 . e  . estable way: If w g L R is given inexactly by w g L R then we mollify w byp p
convolutions with the Dirichlet kernel and the de la Vallee Poussin kernel. TheÂ
exact solution of NCP is approximated by the solution of the mollified problem
with a reasonable choice of mollification parameters which yields error estimates
 . w xof the Holder type. By the method we can work with the data in L R , p g 1, `È p
and obtain several sharp stability estimates in L - and L -norms of the HolderÈp `
type for the solution of the problem. The method can easily be implemented
numerically using the fast Fourier transform. A stable marching difference scheme
based on this method is suggested. Several numerical examples are given, which
show that the method is effective. Q 1996 Academic Press, Inc.
 .* Supported by the Deutsche Forschungsgemeinschaft DFG .
873
0022-247Xr96 $18.00
Copyright Q 1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.
DINH NHO HAOÁ874
1. INTRODUCTION
In this paper we consider the following noncharacteristic Cauchy prob-
 w x.lem see 11 :
u y a x u y b x u y c x u s 0, x g 0, l , t g R, 1.1 .  .  .  .  .t x x x
u 0, t s w t , t g R, 1.2 .  .  .
u 0, t s 0, t g R. 1.3 .  .x
Here l ) 0, and a, b, c are given functions such that for some l, A ) 0,
w xl F a x F A , x g 0, l , 1.4 .  .
2, `w x 1, `w x w x w xa g W 0, l , b g W 0, l , c g L 0, l , c x F 0, x g 0, l . .`
1.5 .
 .As we consider the problem in time in L R , 1 F p F `, we assumep
w g L R . 1.6 .  .p
 .  .  .We prove that a solution of 1.1 ] 1.3 see Definitions 3.1 and 4.1 below
5 n. 5  . 2 nexists if and only if w is infinitely differentiable and w F c 2n !s ,L R .p
 .  .;n g N, for certain constants c and s. The problem 1.1 ] 1.3 is well
known to be severely ill-posed; a small perturbation in the Cauchy data
 w x.may cause a dramatically large error in the solution see, e.g., 19 . For the
w xcase p s 2, in 11 a stability estimate of the Holder type for the solutionÈ
w xof this problem has been proved and in 5 a mollification method is
suggested for solving the problem in a stable way. In this paper we shall
further develop this method to our problem. The idea of our method is as
 . e  . efollows: if w g L R is given inexactly by w g L R then we mollify wp p
by convolutions with the Dirichlet kernel and the de la Vallee PoussinÂ
 .kernel see Sections 2.4 and 2.3 . The mollified data belong to the spaces
 .  .of entire functions of exponential type M R see Section 2.2 in whichn , p
 .our mollified problem is well-posed. With a reasonable choice of mollifi-
cation parameters we obtain several sharp error estimates in L - andp
L -norms of the Holder type for the solution of the problem. It isÈ`
worthwhile to note that by the method we can work with the data in
 . w xL R , p g 1, ` . Furthermore, since the Fourier transforms of functionsp
 . w xin M R have support in yn , n the method can be implementedn , p
 .numerically using the fast Fourier transform FFT . Taking into account
the properties of mollified data we suggest in Section 5 a stable marching
 .  .difference scheme for 1.1 ] 1.3 .
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Another mollification method has been suggested by Manselli and
w x w xMiller 12 and Murio 13 , and further developed by Murio and his
 w x .students see 13 and references therein . However, as has been noted in
w x5 , the method of these authors cannot be generalized to Banach spaces,
and they could not prove that their choice of mollification parameters
yields stability estimates of the Holder type. For related papers, the readerÈ
w xis referred to 2]4, 20 .
The paper is organized as follows: In Section 2 we outline some auxiliary
results on approximation theory and some results of Knabner and Vessella
w x11 . Sections 3 and 4 are devoted to the solvability, stability estimates, and
the mollification method for the L -case and L -case, respectively. A2 p
 .  .stable marching difference scheme for 1.1 ] 1.3 is described in Section 5.
Finally, in Section 6 several numerical examples will be given.
w xThis paper is a further development of 5, 7 . It is based on results of
w xapproximating functions by entire functions of exponential type 1, 14 , and
several results in the theory of the algebra of pseudo-differential operators
w xwith real analytic symbols by Dubinskii 8 , Tran Duc Van, and their
 w x .coworkers see 23, 24 and references therein .
In the paper C, C , C , . . . , c, c , c , . . . are generic positive constants.1 2 1 2
2. AUXILIARY RESULTS
2.1. The Fourier Transforms
For a function w g S we define its Fourier transform by
`1
yi tjw j s w t e dt. .  .Ã H’2p y`
 w x.Here S is the Schwarz space see, e.g., 14 . Let S 9 be the dual space of
Ã  w x.S . For an f g S 9, its Fourier transform f or F f is defined by the
equality
Ãf , w s f , w , ;w g S . .Ã .
 .It is clear that, if f g L R , then2
`1 1 Nyi tj yi tjÃf j s f t e dt s lim f t e dt. .  .  .H H’ ’Nª`2p 2py` yN
Ä y1 w x.The inverse Fourier transform f or F f of f g S 9 is defined by
Äf , w s f , w , ;w g S , .Ä .
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where
`1
i tjw j s w t e dt. .  .Ä H’2p y`
 .  .  wFor any function k g L R and f g L R , 1 F p F `, we define see 14,1 p
x.p. 39
` `
k) f s k t y t f t dt s k t f t y t dt . .  .  .  .H H
y` y`
w x  .It is well known that 14, p. 39 k) f g L R andp
5 5 5 5 5 5k) f F k f .p 1 p
5 5 5 5Here and henceforth we denote ? by ? .L R . pp
2.2. Entire Functions of Exponential Type
w x  .DEFINITION 2.1 14, pp. 98]102 . The function g [ g z , z g C isn
called an entire function of exponential type n , if it satisfies the following
properties:
 .i it is an entire function; i.e., it decomposes into a power series,
g z s a z k .  k
kG0
with constant coefficients a and it converges absolutely for all complexk
z g C.
 .ii For every e ) 0 there exists a positive number A such that fore
all complex z g C the inequality
< <g z F A exp n q e z .  . .e
is satisfied.
 .  .DEFINITION 2.2. M R [ M 1 F p F ` is the collection of alln , p n , p
entire functions of exponential type n which as functions of a real x g R
 .lie in L R .p
Ãw x  . w xTHEOREM 2.3 14, p. 110 . If f g M R , then f has support on yn , n .n , p
 w x.THEOREM 2.4 Bernstein]Nikol'skii's inequality 14, p. 115 . If f g
 .M R , thenn , p
5 5 5 5dfrdt F n f .p p
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2.3. The de la Vallee Poussin KernelÂ
The function
1 cos n t y cos 2n t .  .
V t [ , .n 2n t
where n is a positive number, is called the de la Vallee Poussin kernel andÂ
has the following properties:
 .  .i V z is an entire function of exponential type of degree 2n ,n
bounded and summable on R;
` yi tjÃ .  .  .  . w x’ii 2rp V j s 1rp H V t e dt s 1 on yn , n ,n y` n
 .  . `  .iii 1rp H V t dt s 1,y` n
` ’ .  . <  . <  .iv 1rp H V t dt - 2 3 n G 1 .y` n
Furthermore,
< <¡1, j F n , .
p 2n y j~Ã < <V j s . , n - j F 2n , .(n 2 n¢ < <0, 2n - j . .
 . 1Now, for a function f g L R we define the mollification operator M asp n
`2 1
1M f [ V ) f s V t y t f t dt . .  .Hn n n’ pp y`
1  .  w x.The function M f belongs to M R and see 14, pp. 301]308 .n 2n , p
1 ’5 5M f y f F 1 q 2 3 E f , . . ppn n
where
5 5E f s inf f y g . . p pn n
g gMn n , pR .
2.4. The Dirichlet Kernel
The function
sin n t .
D t s .n t
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 wis called the Dirichlet kernel and has the following properties see 14,
x.pp. 316]318 :
 .i It is an entire function of exponential type of degree n , belong-
 .ing to L R .2
2 w x1 on yn , nÃii D s . ( n  w x0 outside yn , n .p
 .  . `  .  .iii 1rp H D t dt s 1 n ) 0 .y` n
 .iv The convolution
`1 1
S f , t s D ) f s D t y t f t dt .  .  .Hn n n’ ’2p 2p y`
 .   ..  .for f g L R p g 1, ` is belonging to M R . In additionp n , p
5 5 5 5D ) f F c f ,p pn p
where c is a constant depending only on p. For p s 1, ` this is no longerp
the case.
 .  .  .v If v g M R , then S v s v .n n , p n n n
Ã . w x w xvi F D ) f s f on yn , n .n
 . 5  .5  .  .vii f y S f F 1 q c E f .pn p n p
2.5. Approximation by Entire Functions of Exponential Type
 w x. m.  .THEOREM 2.5 Achieser 1, Sections 102, 101 . Let f and f g L R ;p
then for e¨ery n ) 0
Km m.5 5E f F f , . p pn mn
where
 .k mq1`4 y1 .
K s .m mq1p 2k q 1 .ks0
The numbers K satisfy the inequalitym
4 p
1 s K - K - K - ??? - - ??? - K - K - K s .0 2 4 5 3 1p 2
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2.6. Discrete Fourier Transforms
Let R be divided into small step size of width t by the grid points
 4t s jt , j g 0, " 1, " 2, . . . . The discrete complex valued function f sj t
 4 js`   .4 js`f s f t is defined on the grid points t .j jsy` j jsy` j
The scalar product of two discrete functions f and g is defined byt t
`
f , g s h f g , . h h j j
jsy`
and the l norm of f is defined by2 t
`
25 5 < <f s f , f s h f . .’ l lt t t j2 2 (
jsy`
 4`Given a discrete function f s f its discrete Fourier transformt j jsy`
 .DFT is defined by
`D t
yi v t jf w [ f e , yprt F w F prt . .  j’2p jsy`
The inverse transform is given by
D1 prt iw t jf s f w e dw. .Hj ’2p yprt
It is well known that
D
5 5 5 5f s f ,l L yp rt , p rt .t 2 2
D
Ã .  .  .and if f g M R , n F prt , then f w s f w .n , 2
2.7. The Cauchy Problem in Frequency Space
Set
x y1r2A x [ a s ds, L [ A l . .  .  .H
0
 .Let ¨ x, j be a solution of the Cauchy problem
a x ¨ x , j q b x ¨ x , j q c x ¨ x , j .  .  .  .  .  .x x x
w xy ij ¨ x , j s 0, x g 0, l , j g R, 2.7 .  .
¨ 0, j s 1, j g R, 2.8 .  .
¨ 0, j s 0, j g R. 2.9 .  .x
w xThe following lemma can be found in 11 .
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 .  .LEMMA 2.6. There exists a unique solution of Eqs. 2.7 ] 2.9 which has
the properties:
 . 2, ` w x1. ¨ x, z g W 0, l for e¨ery z g C,
 . w x2. ¨ x, ? is an entire function for e¨ery x g 0, l ,
 .3. ¨ x, z / 0 for e¨ery z g C with Im z F 0,
4. there exist constants C , C , C , C depending only on l, A, a, b, c1 2 3 4
such that
< <’¨ x , j F C exp j r2 A x , .  . /1
< <’¨ l , j G C exp j r2 L , .  /2
< < < <’ ’¨ x , j F C j exp j r2 A x , .  . /x 3
< < < <’¨ x , j F C j exp j r2 A x . .  . /x x 4
2.8. A Technical Lemma
w xLEMMA 2.7 25, p. 15 . If c ) 0, p ) 0, then
pyc y pe y F prec . .
We ha¨e the equality, if y s pre.
Remark 2.8. From Lemma 2.7 we can easily prove that for h G 1,
 yc y p4 p yp ych psup e y F p c e h .
yFh
3. SOLVABILITY, STABILITY ESTIMATES AND A
MOLLIFICATION METHOD; L -CASE2
3.1. Sol¨ ability
 .DEFINITION 3.1. A function u x, t is said to be an L -solution of the2
 .  .  .  .problem 1.1 ] 1.3 , if it satisfies 1.1 ] 1.3 in the classical sense and for
w x  .  .every x g 0, l the function u x , ? g L R . If the above conditions are0 0 2
w x  .satisfied only for x g 0, l* , l* F l then we say that u x, t is a local
 .  .L -solution of the problem 1.1 ] 1.3 .2
 .  .THEOREM 3.2. If there exists an L -solution of the problem 1.1 ] 1.3 ,2
then w must be infinitely differentiable and
5 k . 5 2 kw F c 2k !s , ;k g N, 3.1 .  .2
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5  .5where c and s are some positi¨ e constants depending only on u l, ? .2
 .Con¨ersely, if 3.1 holds, then there exists a local L -solution of the problem2
 .  .1.1 ] 1.3 .
 .Remark 3.3. Since 3.1 holds for any k g N, from Sobolev's imbedding
lemma there exists a constant c9 such that
k . 2 k5 5w F c9 2k !s u l , ? , ;k g N. 3.2 .  .  .` 2
w xRemark 3.4. Similar solvability criteria have been given in 6, 10 .
 .  .Proof of Theorem 3.2. If there exists an L -solution of 1.1 ] 1.3 , then2
1r22k
`1 ij u l , j .  .Ãk .5 5w s dj2 H’ ¨ l , j / .2p y`
1r22 k< <1 j
F max u l , ? . 22’ /2p ¨ l , j .
1r21 k < <y j r2 L’< <F C j e u l , ? . / 21’2p
2 k1 2k
F C u l , ? . 21 /’ eL2p
2 k1 C1F 2k ! u l , ? . .  . 2 /’ L2p
Here we have used Lemmas 2.6 and 2.7 and the inequality
en
nn F n!.’2p n
Thus, the first part of the theorem has been proved.
Conversely, if
5 k . 5 2 kw F cs 2k !, .2
 .  . < <’ ’then for s g 0, 1rs , with ij s 1 q i sign j j r2 , we have1
k2 k 2 k` ` &s ij s .1 1 k .’cosh s ij w j s w j s w . .  .Ã Ã .  1 2k ! 2k ! .  .ks0 ks0
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Thus,
` 1
2 k 2 k’ 5 5 5 5cosh s i ? w ? F s s w s w . .Ã .  2 21 12 1 y ss1ks0
Since
¨ x , j . ’¨ x , j w j s cosh s ij w j .  .  .Ã Ã .1’cosh s ij .1
and, from Lemma 2.6,
¨ x , j .
< < A x .ys . j r2’1F c e ,5’cosh s ij .1
¨ x , j .k < < A x .ys . j r2’1< <’F c j e ,6’cosh s ij .1
¨ x , j .x x < < A x .ys . j r2’1< <F c j e6’cosh s ij .1
are bounded for x small enough, it follows that the inverse Fourier
 .  .transform of ¨ x, j w j for x small enough is a local L -solution of theÃ 2
 .  .problem 1.1 ] 1.3 .
3.2. Stability Estimates
 w x.THEOREM 3.5 Knabner and Vessella 11 . Let u be an L -solution of2
 .  .  .  .the Cauchy problem 1.1 ] 1.3 such that f s u l, ? g L R . Then there2
Ä   .exist constants C and C depending only on l, A, a, b, c such that with A x
.and L defined in Section 2.7
1yA x .r L A x .r LÃ Ä5 5 5 5 5 5u x , ? F C w q C w f . 3.3 .  .2 2 22
3.3. Mollification Method
 . e  .Now, suppose that w g L R is given inexactly by w g L R :2 2
5 e 5w y w F e . 3.4 .2
 .  .The problem 1.1 ] 1.3 is ill-posed because of high frequencies in the
e  .Fourier transform of w and ¨ x, j is unbounded when j ª `. In order
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to overcome these, we mollify w e in such a way that its mollification does
not have high frequencies. Namely, we mollify w e with the aid of the
Dirichlet kernel:
`1 sin n t y t . .
e e , n e ew ª w s D )w [ w t dt . 3.5 .  .Hn ’ t y t2p y`
e  . e , n  .  .Since w g L R , we conclude that w g M R see Section 2.4 .2 n , 2
 . eNow, instead of solving Eq. 1.1 with the Cauchy data w , we solve it with
the mollified data w e , n. Denoting the solution of this new mollified
problem by ue , n we have the system
ue , n y a x ue , n y b x ue , n y c x ue , ns0, x g 0, l , t g R, 3.6 .  .  .  .  .t x x x
ue , n 0, t sw e , n t , t g R, 3.7 .  .  .
ue , n 0, t s0, t g R. 3.8 .  .x
e , n  .  .  .Since w g M R , there exists a solution of the problem 3.6 ] 3.8n , 2
 w x. that is unique and stable in L -norm see 23, 24 . Note also that2$
e , n w x .w ; yn , n .
 . e , nTHEOREM 3.6. For e¨ery fixed n g 0, ` , the solution u of the molli-
 .  .fied problem 3.6 ] 3.8 is unique and stable. If for a nonnegati¨ e integer k
k . k  .there exists ­ u l, ? r­ t g L R with2
k k­ u l , ? r­ t F E , . 2 k
where E is a finite positi¨ e number, thenk
Ue , n 1u x , ? y u x , ? .  . 2
ln E re .kF 1 q y2 k /ln E re q ln ln E re .  . .k k
 .y2 k A x rLEk .  .A x rL 1yA x rL= C E C e ln , 3.9 .  .  .2 k 1  /e
where C , C are constants from Lemma 2.6 and1 2
2y2 k1 C E C E2 k 2 kUn [ 2 ln ln . 3.10 .1  / / /L C e C e1 1
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If C , C , and E are not known, then with1 2 k
2y2 k1 1 1
Un [ 2 ln ln , 3.11 .2  / / /L e e
we ha¨e
Ue , n 2u x , ? y u x , ? .  . 2
 .y2 k A x rL’Lr 2 ln 1re 1 .
1yA x .r LF C qC E e ln .1 2 k y2 k  / / eln 1re q ln ln 1re .  . .
3.12 .
With
2’ ’2 2 2 kC E2 kUn [ ln q o 1 .3 1q2 kL  / 0’ ’Le C 2 rL ln 2 2 kC E rLe C .  . .1 2 k 1
as e ª 0, 3.13 .
we get a more precise estimate
e , nu l , ? y u l , ? .  . 2
’ ’2 2 2 kC E2 kF C E ln2 k 1q2 kL  / ’ ’Le C 2 rL ln 2 2 kC E rLe C .  . .1 2 k 1
y2 k
qo 1 , 3.14 .  .0
 .For a number d g 0, 1 , k ) 0, if we take
2’2 d
Un [ y ln e as e ª 0, 3.15 .4  /L
then
y2 k’2 dUe , n 4u l , ? y u l , ? ; C E y ln e . 3.16 .  .  .2 2 k  /L
NONCHARACTERISTIC CAUCHY PROBLEM 885
 .Remark 3.7. The choice of parameters in 3.11 is of interest, since we
need no information on the exact solution.
Proof of Theorem 3.6. It is clear that
$ $
0, n e , n 0, n e , nu x , ? y u x , ? s u x , ? y u x , ? .  .  .  .2 2
es ¨ x , ? F D ) w y w .  .n 2
1r2
n 2es ¨ x , j F D ) w y w dj .  .H n /yn
A x . nr2’F C e e .1
 .Since ¨ l, j / 0, for j g R,
¨ x , j .y1 y1u x , t s F ¨ x , j w j s F u l , j . .  .  .  .Ã Ã¨ l , j .
5 k . k 5The condition ­ u l, ? r­ t F E yieldsk
$
0, n 0, nu x , ? y u x , ? s u x , ? y u x , ? .  .  .  .Ã2 2
¨ x , ? ¨ x , ? .  . w xs u l , ? y F D )u l , ? .  .Ã n¨ l , ? ¨ l , ? .  . 2
1r22¨ x , j 1 . ks ij u l , j dj .  .ÃH k /¨ l , j .< <j Gn ij .
¨ x , j 1 .
k kF sup ­ u l , ? r­ t . 2k¨ l , j . ij .< <j Gn
1
 A x .yL. nr2 k k’F C e ­ u l , ? r­ t . 22 kn
1
 A x .yL. nr2’F C e E .2 kkn
Thus,
1
e , n A x . nr2  A x .yL. nr2’ ’u x , ? y u x , ? F C e e q C e E . .  . 2 1 2 kkn
The proofs of the estimates in the theorem are now straightforward.
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Now, we find L error bounds for the mollified solution and its deriva-`
w xtives. To do this we follow Carasso's idea 3 in obtaining the error bounds
for derivatives of the mollified solution in arbitrary high Sobolev norms.
w .We observe that, for x g 0, l .
m­
0, n e , nu x , ? y u x , ? .  . .m­ t 2
1r2
n 22 m e m A x . nr2’< <s j ¨ x , j F D ) wyw dj FC n e e .  .H n 1 /yn
and
1r22m­ ¨ x , j . m0, nu x , ? y u x , ? s ij u l , j dj .  .  .  .Ã . Hm  /­ t ¨ l , j .< <2 j Gn
¨ x , j . m< <F sup j u l , ? . 2 5¨ l , j .< <j Gn
m< < A x .yL. j r2’ < <F C sup e j u l , ? . . 5 22
< <j Gn
Suppose that n G 1. Using Remark 2.8 we get
m­
0, n e , nu x , ? y u x , ? .  . .m­ t 2
2 m 2 m’2 2 m 1
 A x .yL. 2nr2 m’F C e n E .2 0 / /e A x y L .
w .Thus, for every m g N and x g 0, l and n G 1 we have
m­
0, n e , nu x , ? y u x , ? .  . .m­ t 2
2 m 2 m’2 2 m 1
m A x . nr2’F C n e e q C1 2  / /e A x y L .
 A x .yL. nr2 m’= e n E .0
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With
21 C E2 0
n [ 2 ln /L C e1
we have
m­
0, n e , nu x , ? y u x , ? .  . .m­ t 2
2 m2 m 2 m’1 C E 2 2 m 12 02 mF 2 ln 1 q  / / /  /L C e e A x y L .1
 .  .A x rL 1yA x rL= C E C e . .  .2 0 1
Since this inequality is valid for every m g N, from Sobolev's embedding
lemma there exists a constant C such that
m­
0, n e , nu x , ? y u x , ? .  . .m­ t `
2 m2 m 2 m’1 C E 2 2 m 12 02 mF C2 ln 1 q  / / /  /L C e e A x y L .1
 .  .A x rL 1yA x rL= C E C e . 3.17 .  .  .2 0 1
Thus, we have proved the following theorem.
w . 5  .5THEOREM 3.8. Let x g 0, l and e be small enough. Let u l, ? F E ,2 0
where E is a positi¨ e number. Then, with0
21 C E2 0
n [ 2 ln 3.18 . /L C e1
 .there exists a constant C such that 3.17 holds for e¨ery m g N.
4. SOLVABILITY, STABILITY ESTIMATES, AND A
MOLLIFICATION METHOD; L -CASEp
4.1. Sol¨ ability
 . DEFINITION 4.1. A function u x, t is said to be an L -solution p gp
w x.  .  .  .  .1, ` of the problem 1.1 ] 1.3 , if it satisfies 1.1 ] 1.3 in the classical
w x  .  .sense and for every x g 0, l the function u x , ? g L R . If the above0 0 p
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w x  .conditions are satisfied only for x g 0, l* , l* F l then we say that u x, t
 .  .is a local L -solution of the problem 1.1 ] 1.3 .p
 .  .In order to obtain a solvability criterion for the problem 1.1 ] 1.3 and
to suggest a mollification method for it, we need several auxiliary results
on the solution of the system
a x k q b x k q c x k y k s 0, x g 0, l , t g R, 4.1 .  .  .  .  .x x x t
k l , t s d t , t g R, 4.2 .  .  .
k 0, t s 0, t g R. 4.3 .  .x
Solutions of this system are understood in the distributional sense see,
w x.e.g., 9 .
Taking the Fourier transform in both sides of these equations we get
Ã Ã Ã Ãa x k q b x k q c x k y ij k s 0, x g 0, l , 4.4 .  .  .  .  .x x x
Ãk l , j s 1, j g R, 4.5 .  .
Ãk 0, j s 0, j g R. 4.6 .  .x
In view of Lemma 2.6 we get that
¨ x , j .Ãk x , j s 4.7 .  .
¨ l , j .
in an entire function. Furthermore, from Lemmas 2.6 and 2.7, for all
w .m g N and x g 0, l ,
m m < < A x .yL.r j r2’Ã < <ij k x , j F c j e .  .
2 m’2 2 m
F c . /e L y A x . .
Thus,
m Ã wi ? k x , ? g L R l L R , ; x g 0, l , ;m g N .  .  .  . .1 2
Ã w x.  . w .see 21, p. 174 . It follows that k x, ? g S for x g 0, l and, therefore,
 . w .k x, ? g S for x g 0, l . Hence,
wk x , ? g L R , ; x g 0, l . .  . .1
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It is clear now that, for x - l,
u x , t s k x , ? )u l , ? . .  .  .
 .  .  . w xIt is interesting to notice that although k l, ? s d ? f L R , ;p g 1, ` ,p
w w xk x , ? g L R , ; x g 0, l , p g 1, ` , .  . .p
as we shall see below.
w . w .  .Let x be an arbitrary number in 0, l . For x g 0, x , since k x, ? g0 0
 .L R , we have2
m­ k x , ? . m Ãs i ? k x , ? .  . 2m­ t 2
1r22`
m < < A x .yA x .. j r2’0< <F C j e djH  /2  /y`
1r2
`
  .  ..’4 mq1 2 A x yA x y0s C 2 y e dyH2  /0
1r2 .y 4 mq1’s 2C 4m q 1 ! 2 A x y A x . .  .  . . .2  0 /
Here we have used the equality
`
n yq y yny1y e dy s n! p , if Re q ) 0.H
0
Since
nn
1r12ny1..’n!F 2p n e , for n ) 1, /e
we have
4 mq14m q 1
1r48 m.’4m q 1 !F 2p 4m q 1 e .  .  /e
4 n4 m 1r48 m.’F 2p 2 2n e . .
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Hence,
4 2 mm 2 m’­ k x , ? 2C 2p 2 2m .  .2 1r96 m.F e ,m 2 mm’­ t 2 2 A x y A x’  .  . 2 A x y A x .  . .0 0
2 mmC 2 2m .3F ,2 mA x y A x’  .  . A x y A x .  . .0 0
w; x g 0, x , ;m g N..0
From Sobolev's embedding lemma we see that there exists a constant
C ) 0 such that4
2 mm m­ k x , ? C 2 2m .  .4F ,m 2 m­ t ` A x y A x’  .  . A x y A x .  . .0 0
w; x g 0, x , ;m g N. 4.8 ..0
w . w .Let y g 0, l , x g 0, y . Set
¨ x , j .Ãk x , y , j [ .
¨ y , j .
Ã Ã  .  .  . .note that k x, j s k x, l, j and ¨ y, j / 0 . We have
¨ x , j .0Ãk x , l , j s . .0 ¨ l , j .
Thus,
Ã Ã Ãk x , l , j s k x , x , j k x , l , j . .  .  .0 0
 .  .  .  .  .   ..Since k x, l, ? , k x , l, ? g L R and k x, x , ? g L R see 4.8 , it0 1 0 `
follows that
m m­ k x , l , ? ­ k x , x , ? .  .0F k x , l , ? . .0 1m m­ t ­ t1 `
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 .From 4.8 we then have
2 mm m­ k x , l , ? k x , l , ? 2 2m .  .  .0 1F C ,4m 2 m­ t 1 A x y A x’  .  . A x y A x .  . .0 0
w; x g 0, x , ;m g N. 4.9 ..0
The last inequality and Theorem 2.5 give
mp ­ k x , l , ? .
E k x , l , ? F . . 1n m m2n ­ t 1
2 mmk x , l , ? 2 2m .  .0 1F C .4 2 mmA x y A x’  .  . n A x y A x .  . .0 0
Taking into account Remark 2.8, if we take
’n A x y A x .  . .0
m* s ,’2 2
w xwhere a is the entire part of a , then it is easily seen that
k x , l , ? .0 1   .  .. .’y n A x yA x 2 2’ 0E k x , l , ? F eC e . . 1n 4 A x y A x’  .  .0
k x , l , ? .0 1   .  .. .’y n A x yA x 2 2’ 0s C e . 4.10 .5 A x y A x’  .  .0
Now we prove the following.
 .THEOREM 4.2 Solvability . If there exists a local L -solution of thep
 .  .problem 1.1 ] 1.3 , then w must be infinitely differentiable and
5 m. 5 2 mw F c 2m !s , ;m g N, 4.11 .  .p
 .where c and s are some definite constants. Con¨ersely, if 4.11 holds, then
 .  .there exists a local L -solution of the problem 1.1 ] 1.3 .p
 .Remark 4.3. Since 4.11 holds for any m g N, from Sobolev's embed-
ding lemma there exists a constant c9 such that
5 m. 5 2 mw F c9 2m !s , ;m g N. 4.12 .  .`
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Proof of Theorem 4.2. If there exists a local L -solution of the problemp
 .  . w x1.1 ] 1.3 , say, for x g 0, x , then0
w t s k 0, x , ? )u x , t . .  .  .0 0
Since
2 mm m­ k 0, x , ? k 0, x , ? 2 2m .  .  .0 0 1F C , ;m g N4m 2 m­ t 1 A x’  . A x . .0 0
  ..see 4.9 , we have
m­ k 0, x , ? .0m.5 5w F u x , ? .p p0m­ t 1
2 mmk 0, x , ? 2 2m .  .0 1F C u x , ? , ;m g N. . p4 02 mA x’  . A x . .0 0
 .Thus, 4.11 is proved.
 .Conversely, let 4.11 be satisfied, we have to prove that there exists a
 .  .local solution of 1.1 ] 1.3 . We shall do this by the method of scale of
w x w xBanach spaces developed by Ovcjannikov 17, 18 , Treves 22 , Nirenberg
w x w x15 , Nishida 16 , and others.
 .If w satisfies 4.11 , then we say that w g H . We define for H the norms s
s2 m
m.5 5w xw s sup w .ps  52n ! .mG0
It is known that H with this norm is a Banach space and the familys
 .  w x.H forms a scale of Banach spaces with respect to s see 22 .s s) 0
LEMMA 4.4. There exists a constant c ) 0 such that, for 0 - s9 - s and1
c g H ,s
w xc s1.c F c .1s9 2s y s9 .
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Proof of Lemma 4.4. We have
X 2 ms
1. mq1.c s sup c ps9  52m ! .mG0
X 2 m2mq1.s s 2 m q 1 ! .
mq1.5 5s sup c p 2mq1. 52 m q 1 ! 2m ! s .  .mG0
2 ms9 1
w xF c sup 2 m q 1 2m q 1 .  .s 2 5 /s smG0
2 ms9 10
2w xF c sup ms 2 5 /s smG0
240 1 40 1
w x w xF c F cs s2 2 22 /s ln s9rse e . s 1 y srs9 .
2 w x40 1 s9 c sw xs c F c .s 12 2 2 /se s y s9 s y s9 .  .
Lemma 4.4 is proved.
 .Let y x, t be a function satisfying
x x xb j c j y j , t .  .  .t
y x , t q y j , t dj q y j , t dj s dj . .  .  .H H Hx xa j a j a j .  .  .0 0 0
 .  .  .If y x, ? and y x, ? belong to H 0 - s9 - s , then from Gronwall'sx s9
 .  .  .inequality, Lemma 4.4, and properties of the coefficients a x , b x , c x
there are constants c and c such that2 3
x h
y x , ? F c dh y j , ? q y j , ? dj .  .  . .H H2 ts9 s9 s9
0 0
x h 1
F c dh y j , ? dj , 0 - s9 - s0 - s. .H H3 s0 2
0 0 s0 y s9 .
4.13 .
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Let
u x , t s w t , .  .0
x h x hb j c j .  .
u x , t s y dh u j , t dj y dh u j , t dj .  .  .H H H Hnq1 n x na j a j .  .0 0 0 0
x h u j , t .ntq dh dj , n s 0, 1, . . . .H H a j .0 0
Set
y [ u y u , n s 0, 1, 2, . . . .n nq1 n
Then
x h x hb j c j .  .
y x , t s y dh y j , t dj y dh y j , t dj .  .  .H H H Hnq1 n x na j a j .  .0 0 0 0
x h y j , t .ntq dh dj , n s 0, 1, 2, . . . .H H a j .0 0
From now on, since we estimate y in the H -norm, for simplicity, we writen s
<w  .x < <w  .x <y x , instead of y x, ? .s sn n
With s9 - s0 - s we have
y x .nq1 s9
x h x h
F c dh y j dj q dh y j dj .  .H H H H4 n x ns9 s9 0 0 0 0
x h
q dh y j dj .H H nt s9 /0 0
x h 1
F c c ??? y j dj .H H3 4 n s0 2
0 0 s0 y s9 .^ ` _
4 times
hx
q c dh y j dj .H H4 n s9
0 0
x h 1
q c c dh y j dj .H H1 4 n s0 2
0 0 s0 y s9 .
x h x h 1
F c ??? y j dj q y s dj . .  .H H H H5 n ns0 s0 2 /0 0 0 0 s0 y s9 .^ ` _
4 times
4.14 .
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Thus, with s9 - s - s - ??? - s - s, we have1 2 nq1
x h 1 1
nq1w xy F c ??? y j dj ??? .H H snq1 5 0s9 2 2nq 1 0 0 s y s9 s y s .  .1 2 1^ ` _
4 nq1. times
x h1
q ??? y j dj . .H H s02 nq 1 /0 0s y s .nq1 n ^ ` _
2 nq1. times
On the other hand,
x h x h 1.c j w .
y x , t s y dh w t dj q dh dj y w t .  .  .H H H H0 a j a j .  .0 0 0 0
x h x hc j dj .
1.s y dh djw t q dh w y w t . .  .H H H Ha j a j .  .0 0 0 0
 .Hence, for ;s g 0, s ,
2 2x x
1.w x w xy x F c w q c w q w . s s0 6 7s s2! 2!
x 2 x 2 1
w x w x w xF c w q c w q ws s s6 8 22! 2! s y s .
x 2 1
w xF c q 1 w .s9 2 /2! s y s .
Thus,
2 2x h x hj j
nq1w xy F c c ??? q1 djq ??? q1 djH H H Hnq1 9 5s9  /  /2! 2!0 0 0 0^ ` _ ^ ` _
4 nq1. times 2nq1. times
w x1 1 1 w s
= ??? .2 2 2 2s y s9 s y s s y s s y s .  .  .  .1 2 1 nq1 n nq1
If we take
s y s9
s s s9 q k , k s 1, 2, . . . , n q 1,k n q 2
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  .k .then using the inequality kre F k!
4 nq1. 4 n 2nq1.x x x
nq1y x F c c q q .nq1 9 5s9  4 n q 1 ! 4n ! 2 n q 1 ! .  .  . .  .
 .2 nq22 nx n q 2 . w xq w s .2 nq2/2n ! . s y s9 .
2 nw xw e 1s 2 nF c x .10 4 2 n /2s y s9 s y s9 .  .
Thus, if
< <x - 2 s y s9 re, 4.15 .  .
then
`
y n
ns0
 .converges in H -norm. Under 4.15 it follows then thats9
w xu [ lim u y u q unq1 n 0
nª`
s lim y q w 4.16 .n
nª`
 .  .converges in H -norm. It is clear that u is a local L -solution of 1.1 ] 1.3s9 p
 .and u x, ? g H .s9
w xIt remains to prove that the solution is unique. Following 22 we
< <  .  .suppose that for x - d there exist two solutions of 1.1 ] 1.3 belonging
to H . Set y [ u y u , thens9 1 2
x x xb j c j y j , t .  .  .t
y x , t s y y j , t dj y y j , t dj q dj . .  .  .H H Hxa j a j a j .  .  .0 0 0
 .From 4.13 , for 0 - s9 - s, we have
1
2y x F c r2! x sup y x . .  .5s9 s 2s y s9 .< <x -d
Now, we shall prove that for every k g N
kc r2! .5 2 k 2 ky x F x e sup y x . 4.17 .  .  .s9 s2 ks y s9 . < <x -d
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We verify this assertion by induction. For k s 0, it is trivial, since H iss9
 .a member of a Banach scale. Assuming that 4.17 already proved for k we
shall prove it for k q 1. Let s9 - s0 - s. Then, we have
x h 1
y x F c dh y x dj .  .H H5s9 s0 2
0 0 s0 y s9 .
k
x h c r2! 1 .5 2 k 2 kF c dh j e dj sup y x .H H5 s2 k 2
0 0 s y s0 s0 y s9 .  . < <x -d
e2 kkq1 2kq1.s c r2! x sup y x . .  .5 s2 k 2s y s0 s0 y s9 .  . < <x -d
 . .  .  .  .Let s y s0 s k q 1 s0 y s9 . Then, s9 y s0 r s y s0 s kr k q 1 . It
follows that
y x . s9
kq1 2 k2kq1. 2 kc r2! x k q 1 e .5F sup y x . s .2 kq1  /k 2k q 1 2k q 2 .  .s y s9 . < <x -d
kq1 2 k2kq1.c r2! x k q 1 .5 2 kF e sup y x . s .2 kq1  /ks y s9 . < <x -d
kq1 2kq1.c r2! x .5 2kq1.F e sup y x . . s .2 kq1s y s9 . < <x -d
 .Thus, 4.17 is valid for all k s 0, 1, . . . . If we take x such that
2s y s9 .
< <x - [ x ,02e c r2!5
 .then the right-hand side of 4.17 converges to zero as k tends to infinity.
 . < <  .Thus, y x ' 0 for x - x . By continuity of continuation y x ' 0 for0
< <  . < <x F x . Repeating this argument we see that y x ' 0 for x F x F 2 x ,0 0 0
 . < <etc. After finitely many steps we obtain that y x ' 0 for x - d . Theo-
rem 5.1 is completely proved.
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4.2. Mollification Method
 . eIf w g L R , p ) 2, and w is inexactly given by w g L then thep p
 .  .problem 1.1 ] 1.3 becomes very complicated, because the Fourier trans-
forms of w and w e are, in general, distributions. Therefore we cannot use
the technique in Section 3, which is based on the Parseval equality and the
w  .x  .fact that F L R ' L R , for our problem. However, with the aid of our2 2
mollification method we can overcome this difficulty. The idea is to mollify
e  .w by the aid of entire functions of exponential type in M R , in whichs , p
 .  .1.1 ] 1.3 is well-posed.
w xFirst, following 11 we set
w xy [ A x g 0, L , .
1
y1r2d y [ b y a a x , .  .x /a
y1
w y , j [ ¨ x , j exp d s ds , .  .  .H /2 0
1
X 2 2q y [ y4a0 q 8b9 q 3a ra y 8ba9ra q 4b ra y 16c x . .  . .
16
w xFrom 11, p. 578 we have
’sinh ij y .’w y , j s cosh ij y q B .  . ’ij
’y sinh ij y y t . .
q q t w y , j dt , .  .H ’ij0
 .for j g R, B s 1r2 d 0 .
 .Since w y, j is an entire function of j , the pseudo-differential operator
 .  .  . w y, drdt with analytic symbol w y, j is well defined in M R see,s , p
w x.  .e.g., 23, 24 . Furthermore, for c g M R ,s , p
’sinh y drdt .’w y , drdt c s cosh y , drdt c q B c .  . ’drdt
’y sinh drdt y y t . .
q q t w y , drdt c dt . .  .H ’drdt0
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Thus,
w y , drdt c . p
’sinh y drdt .
< <’F cosh y , drdt c q B c . p ’drdt p
’sinh y y t drdty  . . /
q q t w y , drdt c dt .  .H ’drdt0 p
Bernstein]Nikolskii's inequality Theorem 2.4 . .
’sinh y s .’ 5 5 < < 5 5F cosh y s c q B c . p p’s
’y sinh y y t s . . .
q q t w y , drdt c dt . .  . pH ’s0
w xNow, by the same argument as in 11, p. 597 and using Gronwall's
inequality we obtain
y sr2’ 5 5w y , drdt c F C e c . . p p6
Thus,
A x . sr2’ 5 5¨ x , drdt c F C e c . 4.18 .  .p p7
Using this estimate we can describe our mollification method for the
w x egeneral case p g 1, ` as follows: Let w be given inexactly by w g Lp
with an error:
5 e 5w y w F e . 4.19 .p
Mollifying w e by the convolution with the de la Vallee Poussin kernelÂ
`1
1 e e , nw ª M w s V t y t w t dt [ w , 4.20 .  .  .He n e npn y`
we then have
M 1w g M R . .n e 2n , p
For x - l, it is clear that
u x , t s k x , ? )u l , ? . 4.21 .  .  .  .
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 .  .As in L -case, instead of solving the problem 1.1 ] 1.3 with the data2
w e we solve it with the mollified data w e , n. Denoting the solution of this
new mollified problem by ue , n we have the system:
ue , n y a x ue , n y b x ue , n y c x ue , ns0, x g 0, l , t g R, .  .  .  .t x x x
4.22 .
ue , n 0, t sw e , n t , t g R, 4.23 .  .  .
ue , n 0, t s0, t g R. 4.24 .  .x
e , n  .Since w g M R , there exists a unique solution of the problem2n , p
 .  .4.22 ] 4.24 which can be written by the aid of the pseudo-differential
 .  w x.operator with the analytic symbol ¨ x, drdt in the form see 23, 24
ue , n x , t s ¨ x , drdt w e , n . .  .
 .Furthermore, from 4.18 we see that this solution is stable in the Lp
5  . e , n  .5norm, if n is fixed. We estimate the error u x, ? y u x, ? .p
Since
u x , t y u0, n x , t s k x , ? )w ? y k x , ? ) M 1w .  .  .  .  . n e
s k x , ? y M 1k x , ? )u l , ? , .  .  . .n
it follows that
0, nu x , ? y u x , ? .  . p
1 5 5F k x , ? y M k x , ? u l , ? see Section 2.3 .  .  .  .1 pn
’F 1 q 2 3 E k x , ? u l , ? Inequality 4.10 .  .  . .  . . p1n
k x , l , ? .0 1   .  .. ’y n A x yA x 2 2’ 0’F 1 q 2 3 C e u l , ? . . p5 A x y A x’  .  .0
k x , l , ? .0 1   .  .. ’y n A x yA x 2 2’ 0s C e u l , ? . 4.25 .  .p8 A x y A x’  .  .0
1 1 e  .On the other hand, since M w, M w g M R , from Section 2.3 andn n 2n , p
 .the inequality 4.18 we get
0, n e , n 1u x , ? y u x , ? s ¨ x , drdt M w y w .  .  .  .p pn e
 .  .n A x n A x’ ’’F C 2 3 e e s C e e . 4.26 .7 9
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Combining the last two estimates and using the inequality
e , nu x , ? y u x , ? .  . p
0, n 0, n e , nF u x , ? y u x , ? q u x , ? y u x , ? .  .  .  .p p
w .we get, for x g 0, x ,0
e , nu x , ? y u x , ? .  . p
k x , l , ? .0 1   .  ..  .’y n A x yA x 2 2 n A x’ ’0F C e u l , ? q C e e . . p8 9A x y A x’  .  .0
4.27 .
With
21 1
n* s ln 4.28 . /L e
we have
e , n *u x , ? y u x , ? .  . p
k x , l , ? u l , ? .  . p0 1 .’ A x .yA x ..r L e2 2 1yA x .r L0F C e q C e .8 9A x y A x’  .  .0
4.29 .
Thus, we have proved the following theorem.
 .THEOREM 4.5 Stability estimate . There exists a unique solution of the
 .  .mollified problem 4.22 ] 4.24 which can be written by the aid of the
 .pseudo-differential operator with the analytic symbol ¨ x, drdt in the form
ue , n x , t s ¨ x , drdt w e , n . .  .
 .For any fixed positi¨ e number n this solution is stable in the sense of 4.18 .
 .Furthermore, if n is chosen due to 4.28 , then there exist constants C and C8 9
 .such that the estimate 4.29 holds.
 .Remark 4.6. The estimate 4.29 is of the Holder type. However, whenÈ
x ª x the right-hand side blows up.0
 .To get a stability estimate at x s l, we note that see Section 2.3
0, n ’u x , ? y u x , ? F 1 q 2 3 E u x , ? . .  .  . . . pn
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Suppose that
1’1 q 2 3 E u l , ? F C . . . pn 10 an
 .  w x.which means that u l, ? belongs to a Besov space see, e.g., Nikolskii 14 .
We then have
1
0, n n L’u x , ? y u x , ? F C q C e e . .  . 10 11an
 .Let d be a number in 0, 1 , with
2d 1
n [ n** s ln ; 4.30 . /L e
we have
y2 ad 1
0, n ** 1ydu l , ? y u l , ? F C ln q C e . 4.31 .  .  .10 11 /L e
w .  .In this case, for x g 0, x , from 4.27 we have0
k x , l , ? u l , ? .  . p0 1 ’0, n **  A x .yA x ..2 2 drL0u x , ? y u x , ? F C e .  . 8 A x y A x’  .  .0
q C e 1yd A x .r L , 4.32 .9
which is still of the Holder type.È
5. STABLE MARCHING DIFFERENCE SCHEME
 .  .  .We consider now the problem 1.1 ] 1.3 in the L -case. Let 3.4 be2
 .  .satisfied. Following Theorem 4.1, instead of 1.1 ] 1.3 we consider the
 .  .  .problem 3.6 ] 3.8 , where n is chosen according to 3.11 . For simplicity,
set
ue , n [ U, W [ ue , n , w e , n [ C. 5.1 .x
Then we have the system
U s W , x g 0, l , t g R, 5.2 .  .x
a x W q b x W q c x U s U , x g 0, l , t g R, 5.3 .  .  .  .  .x t
U 0, t s C , t g R, 5.4 .  .
W 0, t s 0, t g R. 5.5 .  .
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w xWe consider a uniform grid on the 0, l = R plane:
 4x s nh , t s jt ¬ n g 0, 1, . . . , N , Nh s l , j g Z . 4n j
w xFor a function W defined on 0, l = R, set
W n [ W x , t . .m n m
w x w x  .  .Following Carasso 2 and Murio 13 we discretize 5.2 ] 5.5 by
U nq1 y U nm m nq1  4s W , n g 0, 1, . . . , N , m g Z, 5.6 .mh
W nq1 y W n U n y U nm m mq1 my1n n n n na q b W q c U s ,m mh 2t
 4n g 0, 1, . . . , N , m g Z, 5.7 .
U 0 s C , m g Z, 5.8 .m m
W 0 s 0, m g Z. 5.9 .m
It is clear that this difference scheme has a local truncation error which
 2 2 .behaves like O h q t . Taking the discrete Fourier transform in Eqs.
 .  .5.6 ] 5.9 we get
D D
nq1 n
DU y U nq1  4s W , n g 0, 1, . . . , N ,
h
D D
nq1 n
D D DW y W sin tv .n n nn n n  4a q b W q c U si U , n g 0, 1, . . . , N ,
h t
D D
0U s C ,
D
0W s0.
 4Thus, for n g 0, 1, . . . , N ,
D n D Db h sin t w .nq1 n nnW s y h q 1 W q yc q i U , 5.10 .n  / /a a wn
D D D
nq1 nq1 nU s h W q U
2 D n Dh sin t w b . n nns 1 q yc q i U q h y h q 1 W . 5.11 .n n / / /a w a
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Let
< < < <b F B , c F C.
<  . < < <Taking h sufficiently small and using the inequality sin t w rt F w , we
can easily get
n
D D DB q C hn n< < < < < <max U , W F 1 q h q w C 5  /l l
D
llqBqCq < w <.r l < <F e C .
D
ÃIf we take t F prn , then C s C. It follows that
D D
n nn n5 5 5 5 5 5 5 5max U , W s max U , W 4l l L yp rt , p rt . L yp rt , p rt . 52 2 2 2
D
llqBqCq <? <.r l5 < < 5F e C L yp rt , p rt .2
llqBqCqn .r l 5 5F e C 2
llqBqCqn .r l 5 e , n 5s e w . 5.12 .2
We summarize the result of this section in the following theorem.
 .  .THEOREM 5.1. The difference scheme 5.6 ] 5.9 approximates the prob-
 .  .  2 2 .lem 5.2 ] 5.5 with a truncation error which beha¨es like O h q t .
Furthermore, if h is sufficiently small and t F prn , then it is unconditionally
 .stable and the estimate 5.12 is ¨alid.
6. NUMERICAL EXAMPLES
 .In the case, if ¨ x, j can be explicitly found, we can easily implement
 .our method by aid of the fast Fourier transform FFT from the exact
mollified solution
e , n y1 e , nu x , t s F ¨ x , j w j . .  .  .Ã
$
e , n w x  .It is easily done, since supp w g yn , n . In general, ¨ x, j cannot be
explicitly found. In this case, we shall use the marching difference scheme
 .  . e e , n5.6 ] 5.9 . In both cases we have to mollify w by w . To do this we use
 .quadrature formulae for the convolution 3.5 and the FFT to evaluate
them.
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We shall test our method for the following problem:
u x , t su x , t , x g 0, 1 , t g R, 6.1 .  .  .  .t x x
u 0, t sw t , u 0, t s0, t g R. 6.2 .  .  .  .x
 .  .’In this case, the symbol ¨ x, j is cosh x ij .
Since we could not find any explicit analytical solution in L of the2
 .  .  .problem 6.1 ] 6.2 , we construct it as follows: choose a function f g L R2
 .  .as the trace of the solution of 6.1 ] 6.2 at x s 1; then solve the
well-posed problem
u x , t s u x , t , u 0, t s 0, u 1, t s f t , .  .  .  .  .t x x x 6.3 .
0 - x - 1, t g R.
 .  .  .We use the FFT to compute the solution u x, t of 6.3 . Since 6.3 is
well-posed, we can approximate its solution as good, as we want to. After
 .  .  .  .that we take w t [ u 0, t as the Cauchy data in 6.1 ] 6.2 and allow a
 .  .random noise in w ; then we try to reconstruct u x, t and also f from
this randomly perturbed Cauchy data by our marching difference scheme.
 .  2 . y2EXAMPLE 6.1. f t s exp yt , e s 10 . The solution is to be found
w xin y3, 3 . The numerical results are outlined in Fig. 1, where the first
graph indicates the exact solution, the second one shows the approxima-
tion with a random noise on w by our mollification method, and the last
one compares f with the approximation at x s 1.
 .EXAMPLE 6.2. f t s x . This is a hard example in the inversew0.4, 0.4x
1s .heat conduction problems, since f g H R only for s - . Available2
methods are not giving good approximations to the exact solution see, e.g.,
w x.  . s .13 . It is interesting that, although f t [ x belongs to H R , sw0.4, 0.4x
1  .  .- , only, u 0, t is infinitely differentiable and satisfies 3.1 . The numeri-2
cal results are outlined in Fig. 2, where the first graph indicates the
approximation to the exact solution with noise e s 10y6 , the second one
indicates the approximation with noise e s 10y3, and the last one com-
  .  . .pares the exact solution at x s 1 that is, u 1, t s f t s x with itsw0,4, 0.4x
approximation for e s 10y3.
In marching difference schemes for these two examples we take the step
lengths in space and in time by 2y7.
The mollification method based on the FFT for these examples gives
also the same good numerical results as our marching difference scheme
does, so we do not outline them here. We note that the marching
difference scheme is very convenient and very fast.
We have tested our method with various other examples and we got very
good numerical results.
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 .  2 .  .  . <  .  . <FIG. 1. f t s exp yt : a exact solution; b approximation with w t y w t F « s«
 .  .0.01; c exact solution and approximation at x s 1 « s 0.01 .
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 . <  .  . < y6  .FIG. 2. f s x : a approximation with w t y w t F « s 10 ; b approxi-wy0.4, 0.4x «
<  .  . <  .mation with w t y w t F « s 0.001; c exact solution and approximation at x s 1«
 .« s 0.001 .
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